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Before going to the main part…

My main research aria is flavor physics  

This talk is basically no relation to                              

any flavor physics, so far

The latest my review talk about the flavor anomaly is 
available here

“Review of current flavor anomalies in 
precision measurements of mesons”

http://www-gauge.scphys.kyoto-u.ac.jp/seminar/presen/Kitahara200722.pdf
http://www-gauge.scphys.kyoto-u.ac.jp/seminar/presen/Kitahara200722.pdf
http://www-gauge.scphys.kyoto-u.ac.jp/seminar/presen/Kitahara200722.pdf


Based on 

Technion, scattering 
amplitudes group

Novel formalism
[1709.04891] 

Nima Arkani-Hamed, Tzu-Chen Huang, Yu-tin Huang 

[1809.09644] 
Yael Shadmi, Yaniv Weiss 

[1909.10551] 
Gauthier Durieux, TK, Yael Shadmi, Yaniv Weiss 

[2008.09652] 
Gauthier Durieux, TK, Camila S. Machado, Yael Shadmi, Yaniv Weiss 

https://arxiv.org/abs/1709.04891
https://arxiv.org/abs/1809.09644
https://arxiv.org/abs/1909.10551
https://arxiv.org/abs/2008.09652
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Effective field theory

Effective field theory (EFT) can be generally constructed by assuming field contents and 

Lorentz, global and gauge symmetries, e.g., SMEFT, HEFT, HQET, SCET, … 

EFT is bottom-up and natural approach (when one does not discover any new resonance) 

Problems:  

Find nice operator basis: operator redundancy via field redefinitions and EOMs  

Gauge redundancy (requires gauge-fixing, ghost d.o.f.),  which is canceled out at 

amplitude level (after the complicated calculations)

e.g., Warsaw basis (dimension-six SMEFT) [Grzadkowski, Iskrzynski, Misiak, Rosiek '10]
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Scattering amplitudes

Scattering amplitude (on-shell amplitude, modern amplitude method, or spinor-helicity 

formalism) is an alternative way to EFTs (will explain after next slide) 

Scattering amplitudes can be bootstrapped from Lorentz symmetry, locality and unitarity  

Advantages: 

No operator redundancy. No gauge redundancies. Gauge invariance is manifest  

Bypassing Lagrangian, operators, and Feynman rules/diagrams  

Extremely simple results compared to Feynman methods (next slide)
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Five-point pure QCD amplitudes

For example, let us compare  amplitudes 

By scattering amplitudes 

gg → ggg

[Mangano, Parke, Xu ’88;  Mangano, Parke '91]

There are 25 Feynman diagrams. 
We must calculate everything.
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<latexit sha1_base64="2Qr0yby8PBoLl4P+iutj4wOvKqs="></latexit>
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<latexit sha1_base64="Xtv4mGPkA2CwYQDTDE3jGQrR9rY="></latexit>

permutation up to cyclic

Extremely simple!

n = 2 3 4 5 6 7 8

# 4 25 220 2485 34300 559405 10525900

← Other polarizations vanish

# of Feynman diagram in gg → ng

[Parke, Taylor '85]
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On-shell approach to the SMEFT

Derive anomalous dimension matrix (one- and two-loop levels) 

Derive non-interference theorem for the new physics operators 

Enumeration of independent massless operators (consistent with Hilbert series approach) 

Investigate the electroweak symmetry (relations from SU(2)L×U(1)Y SSB) using massive 

scattering amplitudes

[Cheung, Shen ’15; Bern, Parra-Martinez, Sawyer ’19, ’20; Elias Miro, Ingoldby, Riembau ’20; Jiang, Ma, Shu ’20]

[Azatov, Contino, Machado, Riva ’16; Craig, Jiang, Li, Sutherland ’20, Jiang, Shu, Xiao, Zheng ’20; Gu, Wang ‘20]

[Shadmi, Weiss ’18; Ma, Shu, Xiao ’19; Falkowski ’19; Durieux, Machado ’19; Durieux, TK, Machado, Shadmi, Weiss ’20]

[Christensen, Field ’18; Aoude, Machado ‘19; Christensen, Field, Moore, Pinto ’19; Durieux, TK, Shadmi, Weiss ’19; 
Bachu, Yelleshpur ‘19]

Hilbert series [Henning, Lu, Melia, Murayama ’15, '17]

This talk
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Spinor-helicity formalism (massless scattering amplitudes) (1/2)

Massless particle is an irreducible representations of the Poincaré group; particle   

 is particle’s helicity 

Massless n-pt amplitudes are given by   

Little-group (LG) is subgroup of the Lorentz group, which leaves  invariant;  

In , SO(2)  U(1) LG for massless particle 

Massless amplitudes are scaled by their helicities { } under U(1) LG transformation       

Little group scaling;  

i = |pi, hi⟩

h = ± 1/2, ± 1

Mn(ph1
1 , ph2

2 , …, phn
n )

pi pi → pi

D = 4 ≃

h1, h2, …

Mn(ph1
1 , …, phn

n ) → e2iξ∑ hiMn(ph1
1 , …, phn

n )

reviews e.g., [Elvang, Huang ’13, Dixon ’13; Schwartz ‘14]

(all particles are incoming)
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Spinor-helicity formalism (massless scattering amplitudes) (2/2)

symbol (A, B)             . spinor-helicity formalism

undotted spinor 2: (1/2, 0)

dotted spinor 2*: (0, 1/2)

4-vector 2×2*: (1/2, 1/2)

polarization vector

constrained  
4-vector

pμ
i

εμ,±
i

λi,α = u−(pi), v̄−(pi)

λ̃ ·α
i = u+(pi), v̄+(pi)

̂A, B̂ =
1
2

( ̂J ± iK̂ )

Lorentz group  
irreducible representation 

pi,α ·α = pμ
i σμ,α ·α = | i⟩α[i | ·α

| i⟩α → e−iξ | i⟩α (under LG)

| i] ·α → e+iξ | i] ·α (under LG)

ε+
i,α ·α = εμ,+

i σμ,α ·α = 2
|ζ⟩α[i | ·α

⟨iζ⟩

ε−
i,α ·α = εμ,−

i σμ,α ·α = 2
| i⟩α[ζ | ·α

[iζ]

…… …

auxiliary spinor ζpi ⋅ ε±
i = 0, ε±

i ⋅ (ε±
i )* = − 1

∑
λ=±

εμ,λ
i (εν,λ

i )* = − ημν

det pi,α ·α = p2
i = 0

⟨ij⟩ = − ⟨ji⟩

⟨ii⟩ = [ii] = 0

corresponding 
gauge redundancy
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Little group scaling is powerful 

For example, let us reconsider  amplitudes 

Little group scaling;   

Amplitude dimension: dim[M5] = -1 (with all couplings are dimensionless),　　　　　　             

+ momentum conservation:

gg → ggg

Mn(ph1
1 , …, phn

n ) → e2iξ∑ hiMn(ph1
1 , …, phn

n )

∑ pi = 0

M5

�
1�g , 2

�
g , 3

+
g , 4

+
g , 5

+
g

�
! e2i⇠M5

�
1�g , 2

�
g , 3

+
g , 4

+
g , 5

+
g

�
<latexit sha1_base64="OUHQhuMOi6a/PTJTRnq2qCZlTp8="></latexit>
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<latexit sha1_base64="rjvrtgT/xHaepOPP3q7UDKaj3Gw="></latexit>

Form is unique | i⟩α → e−iξ | i⟩α (under LG)
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<latexit sha1_base64="c1u+B8G0OUa/SQGXbZxqKZ3MoeU="></latexit>

One can also derive (For tree-level analysis)
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Let us consider massless three point: 

On-shell amplitude leads to 

Then

11

Three-point amplitudes in scattering amplitudes (1/3)

particle 1,

particle 2,

particle 3,
s1, h1

s3, h3

s2, h2

pμ
1

pμ
2

pμ
3

p2
1 = p2

2 = p2
3 = 0, pμ

1 + pμ
2 + pμ

3 = 0

(p1 + p2)2 = 2p1 ⋅ p2 = (−p3)2 = 0

pi ⋅ pj = 0One can reach These momenta are very constrained
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Three-point amplitudes in scattering amplitudes (2/3)

Spinor-helicity formalism leads to (Note:                                          )  

This condition corresponds to two different solutions 

When the momenta are real, then ⟨ij⟩ † = [ ji] = − [ij]; → ⟨ij⟩ = [ij] = 0

h12i[21] = tr(p↵̇↵1 p2,↵↵̇) = pµ1p
⌫
2Tr(�̄µ�⌫) = pµ1p

⌫
2 ⇥ 2gµ⌫ = 2p1 · p2

<latexit sha1_base64="SfwU73HxbRkwQ7R4AUlJPqrgDQU="></latexit>

pi,α ·α = pμ
i σμ,α ·α = | i⟩α[i | ·α

One can reach h12i[12] = h13i[13] = h23i[23] = 0
<latexit sha1_base64="Y0RzmNRgIh6zX813qZ1t2Y79Scc="></latexit>

|1i / |2i / |3i (then hiji = 0)
<latexit sha1_base64="RatUuY9vCArS8BozeZy8c+uC4VA="></latexit>

|1] / |2] / |3] (then [ij] = 0)
<latexit sha1_base64="dfT3YtbSAhoR20wuhuAgqUE2PUE="></latexit>

Complex momentum 
is required for non-
vanishing amplitudes 

Or

amplitudes is described by [ij]

amplitudes is described by ⟨ij⟩
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Three-point amplitudes in scattering amplitudes (3/3)

Little group scaling and dimensional analysis (dim[M3] = +1) can totally determine the form 

For instance, scalar and fermions/vectors 

Fermions and vector 

Three gluons, three gravitons

gravity = (YM)2
[Kawai, Lewellen, Tye ’86]

“double copy (KLT)”



massless → massive

[1709.04891] 
Arkani-Hamed, Huang, Huang

[Kleiss, Stirling ’85; Dittmaier ’98; Cohen, Elvang, Kiermaier ‘10]

formalize/generalize for any mass and spin particles

https://arxiv.org/abs/1709.04891
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Massive-spinor formalism (1/4)

det pi,α ·α = det pi ⋅ σ =
p0

i + p3
i p1

i − ip2
i

p1
i + ip2

i p0
i − p3

i
= (p0

i )2 − (p1
i )2 − (p2

i )2 − (p3
i )2

= p2
i = 0

  : rank 1 → product of two vectors pi,α ·α

pi,α ·α = | i⟩α[i | ·α

= m2 > 0

rank 2 → sum of two products of two vectors 

pi,α ·α = | i1⟩α[i1 | ·α + | i2⟩α[i2 | ·α ≡ ∑
I=1,2

| iI⟩α[iI | ·α

[Arkani-Hamed, Huang, Huang ‘17]

In , SO(3)  SU(2) LG for massive particles;  leaves  invariant;  

Amplitudes are transformed by SU(2) LGs (for massive external particles)  

Bold spinors  carry the SU(2) LG index 

D = 4 ≃ pi,α ·α pi,α ·α → pi,α ·α

| iI⟩, | iI] I = 1,2

pi,α ·α
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Massive-spinor formalism (2/4)

One can use the SU(2) LG rotation for the spin-quantization axis 

Convenient choice (for any spin particles): 

In this choice, in high energy limit,  spinor corresponds to positive (negative) 

helicities 

Any choice of spin-quantization axis is possible in general (“SU(2) LG covariant”)

I = 1 (I = 2)

⃗p
spin axis I = 1 I = 2

Arbitrary spin polarization can be 
given by two opposite spin states
✓
a
b

◆
= a

✓
1
0

◆
+ b

✓
0
1

◆
= a|+zi+ b|�zi

<latexit sha1_base64="tOFX2CrFq96zx5VmQv1rQDt9d1A="></latexit>
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Massive-spinor formalism (3/4)

symbol massive-spinor formalism

undotted spinor

dotted spinor

4-vector

polarization vector

pμ
i

εμ,±,L
i

λs
i,α = PLuI(pi), v̄I(pi)PL

λ̃s, ·α
i = PRuI(pi), v̄I(pi)PR

pi,α ·α = pμ
i σμ,α ·α = ∑

I=1,2

| iI⟩α[iI | ·α

| iI⟩α → WI
J | iJ⟩α (under LG)

| iI] ·α → (W−1)I
J
| iJ] ·α (under LG)

εIJ
i,α ·α = εμ,±,L

i σμ,α ·α = 2
| iI⟩α[iJ | ·α

m

…… …

no auxiliary spinor

det pi,α ·α = p2
i = m2

⟨iIjJ⟩ = − ⟨jJiI⟩

⟨iIiJ⟩ = [iIiJ] = 0
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Massive-spinor formalism (4/4)

Equations of motion (EOM) ～ “chirality flip” 

Massive polarization vectors

pi ⋅ ε±
i = 0, ε±,L

i ⋅ (ε±,L
i )* = − 1 , ∑

λ=±,L

εμ,λ
i (εν,λ

i )* = − (ημν −
pi,μpi,ν

m2 )

p̄i | iI⟩ = m | iI] , pi | iI] = m | iI⟩ , ⟨iI |pi = − m[iI | , [iI | p̄i = − m⟨iI |

εIJ
i,α ·α = 2

| iI⟩α[iJ | ·α

m

ε+
i,α ·α = ε11

i,α ·α = 2
| i1⟩α[i1 | ·α

m

ε−
i,α ·α = ε22

i,α ·α = 2
| i2⟩α[i2 | ·α

m

εL
i,α ·α = ε12

i,α ·α =
| i1⟩α[i2 | ·α + | i2⟩α[i1 | ·α

m

2
|ζ⟩α[i | ·α

⟨iζ⟩
= ε+

i,α ·α

2
| i⟩α[ζ | ·α

[iζ]
= ε−

i,α ·α

[Gauthier Durieux, TK, Yael Shadmi, Yaniv Weiss ‘19]

Factor  (in L mode) corresponds to Clebsch-Gordan; we modify the original formalism 1/ 2

m → 0

∼
pi,α ·α

m
= 𝒪 ( E

m ) well-known energy growth

massless polarizations

corresponds to “unitary gauge”



Our several results



Teppei Kitahara: Nagoya University, RIKEN seminar, December 3, 2020, online talk
Electroweak effec@ve field theory from massive scaEering amplitudes

/ 3420

Our strategy

Spectrum: different masses + massless photon 

We do not impose SU(2)L×U(1)Y symmetry, but impose only U(1)EM  

[ LGs  Lorentz  Poincaré ]   +   [ locality ]                                                                                 

+  [ perturbative unitarity  unitarity ]

⊂ ⊂

⊂

Note that: there is no longitudinal mode 
in massless scattering amplitudes

ψ (ψc), Z, W±, h +γ

For three-pt amplitudes, 

For full four-pt amplitudes,

[Gauthier Durieux, TK, Yael Shadmi, Yaniv Weiss ‘19]

[Arkani-Hamed, Huang, Huang ‘17]

unacceptable energy growth

 has to be forbiddenE/m

 has to be forbidden;E2/m
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Three-point: hhZ
Result (LGs + locality): 

M3(1h,2h,3Z) / h3(1� 2)3]
<latexit sha1_base64="tCREJyEOgoaCxJKZMxBSNtOolpk="></latexit>

[Durieux, TK, Shadmi, Weiss ‘19]

= ⟨3 | (p1 − p2) |3] (notation)

The scalars  and  have to be asymmetric:  
when the scalars  and  are identical, this amplitude must vanish at the all order

1 2
1 2

One-line proof to “why  is forbidden in our world”ρ0 → 2π0

A good application of massive scattering amplitude!

SU(2) LG indices I, J are implicit 
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Three-point:  (1/3)ψcψZ
Result (LGs + locality + good massless limit): [Durieux, TK, Shadmi, Weiss ‘19]

We observed 4 spinor structures 

Angular momentum conservation (in three-pt amplitudes)

4 combinations is expected

 # of irreps of sum of three spins = # of independent spinors in three-pt amplitudes

[Costa, Penedones, Poland, Rychkov '11]

2⌦ 2⌦ 3 = 1� 3� 3� 5
<latexit sha1_base64="KeL7MMNlC9eimaWecorK5pddDZQ=">AAACHHicdZDLSsNAFIYnXmu9RV26GSyCq5Ckl+hCKLpxWcFeoA1lMp20QyeTMDMRSuiDuPFV3LhQxI0LwbdxehHvPwx8/Occ5pw/SBiVyrbfjIXFpeWV1dxafn1jc2vb3NltyDgVmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMYnk/qzWsiJI35lRolxI9Qn9OQYqS01TWLLuzEikZEwk8qnjqaE5Zq/AVl2DULtmV7bqXiQNsqOV7xxNXglexK2YOOZU9VAHPVuuZLpxfjNCJcYYakbDt2ovwMCUUxI+N8J5UkQXiI+qStkSO9hJ9NjxvDQ+30YBgL/biCU/frRIYiKUdRoDsjpAbyZ21i/lVrpyo89jPKk1QRjmcfhSmDKoaTpGCPCoIVG2lAWFC9K8QDJBBWOs+8DuHjUvg/NFzLKVruZalQPZvHkQP74AAcAQd4oAouQA3UAQY34A48gEfj1rg3noznWeuCMZ/ZA99kvL4DCpafgQ==</latexit>

decomposition by the Young tableau
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Three-point:  (2/3)ψcψZ

High-energy limit (  with  fixed):E → ∞ E/Λ̄

h13i2

h12i
<latexit sha1_base64="jBc4TUNN3UZDUYfCr0aagJHbjVo="></latexit>

[13][23]
<latexit sha1_base64="/mT1sRfuDbeNm2N8LJOvEArgjp4=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU9iktba3ohePFawtpKFstpt26WYTdzdCCf0TXjwo4tW/481/46atoKIPBh7vzTAzL0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPblWcSkI7JOax7AVYUc4E7WimOe0lkuIo4LQbTC5zv3tPpWKxuNHThPoRHgkWMoK1kXqeU/U9t+oPyhVkNxt1VHMhshFquKhuyBlymk4TOkbJUQFLtAfl9/4wJmlEhSYcK+U5KNF+hqVmhNNZqZ8qmmAywSPqGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb88L9Vhw8+YSFJNBVksClMOdQzz5+GQSUo0nxqCiWTmVkjGWGKiTUQlE8LXp/B/cuvaTtV2r2uV1sUyjiI4AsfgFDjgHLTAFWiDDiCAgwfwBJ6tO+vRerFeF60FazlzCH7AevsE/92PTQ==</latexit>

h13ih23i
<latexit sha1_base64="E5Lrad28OpBwFvwIFc0N6n7MQts=">AAACDXicdZDLSgMxFIYzXmu9jbp0E6yCq5KZ1truim5cVrAX6Awlk6ZtaCYzJBmhDH0BN76KGxeKuHXvzrcxvYmK/hD4+c45nJw/iDlTGqEPa2l5ZXVtPbOR3dza3tm19/YbKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gyGl5N685ZKxSJxo0cx9UPcF6zHCNYGdexjj2PR5xQ6BU/O3IK4X6Rj51C+Ui6hogtRHqGyi0rGnCGn4lSgY8hEOTBXrWO/e92IJCEVmnCsVNtBsfZTLDUjnI6zXqJojMkQ92nbWIFDqvx0es0YnhjShb1Imic0nNLvEykOlRqFgekMsR6o37UJ/KvWTnSv7KdMxImmgswW9RIOdQQn0cAuk5RoPjIGE8nMXyEZYImJNgFmTQiLS+H/puHmnULevS7mqhfzODLgEByBU+CAc1AFV6AG6oCAO/AAnsCzdW89Wi/W66x1yZrPHIAfst4+AQ2Qmu4=</latexit>
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<latexit sha1_base64="MnIGLMk55hUArHEo1CMAmEAU/8M=">AAAB6nicdVDLSgMxFM3UV62vqks3wSIIhSEz1truim5cVrQPaIeSSTNtaCYzJBmhDP0ENy4UcesXufNvzLQVVPTAhcM593LvPX7MmdIIfVi5ldW19Y38ZmFre2d3r7h/0FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7nK/M49lYpF4k5PY+qFeCRYwAjWRrotl8uDYgnZ9VoVVVyIbIRqLqoaco6culOHjlEylMASzUHxvT+MSBJSoQnHSvUcFGsvxVIzwums0E8UjTGZ4BHtGSpwSJWXzk+dwROjDGEQSVNCw7n6fSLFoVLT0DedIdZj9dvLxL+8XqKDmpcyESeaCrJYFCQc6ghmf8Mhk5RoPjUEE8nMrZCMscREm3QKJoSvT+H/pO3azpnt3lRKjctlHHlwBI7BKXDABWiAa9AELUDACDyAJ/BscevRerFeF605azlzCH7AevsEpPeNYw==</latexit>

�+�
<latexit sha1_base64="I6AdO2pNv5hPJjw2GrOgMVYgysU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSII0iEzrR3dFd24rGhtoR1KJs20oZnMkGSEMvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzc0vLK6lp+vbCxubW9U9zdu1NxKgltkpjHsh1gRTkTtKmZ5rSdSIqjgNNWMLqc+q17KhWLxa0eJ9SP8ECwkBGsjXRTPin3iiVkI8+t1RyI7KrjVc5dQ7wqqp160LHRDCWwQKNXfO/2Y5JGVGjCsVIdByXaz7DUjHA6KXRTRRNMRnhAO4YKHFHlZ7NTJ/DIKH0YxtKU0HCmfp/IcKTUOApMZ4T1UP32puJfXifV4ZmfMZGkmgoyXxSmHOoYTv+GfSYp0XxsCCaSmVshGWKJiTbpFEwIX5/C/8mdazsV272uluoXizjy4AAcgmPgAA/UwRVogCYgYAAewBN4trj1aL1Yr/PWnLWY2Qc/YL19ArS+jW4=</latexit>

�++
<latexit sha1_base64="RIZhf4JffNKRCqBUsuJqB3lBYyM=">AAAB6nicdVDLSgMxFM34rPVVdekmWAShOGSmtaO7ohuXFe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwb04egogcuHM65l3vvCRLOlEbow1paXlldW89t5De3tnd2C3v7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fo6up37qnUrFY3OlxQv0IDwQLGcHaSLenpVKvUEQ28txq1YHIrjhe+cI1xKug6pkHHRvNUAQL1HuF924/JmlEhSYcK9VxUKL9DEvNCKeTfDdVNMFkhAe0Y6jAEVV+Njt1Ao+N0odhLE0JDWfq94kMR0qNo8B0RlgP1W9vKv7ldVIdnvsZE0mqqSDzRWHKoY7h9G/YZ5ISzceGYCKZuRWSIZaYaJNO3oTw9Sn8nzRd2ynb7k2lWLtcxJEDh+AInAAHeKAGrkEdNAABA/AAnsCzxa1H68V6nbcuWYuZA/AD1tsnsbaNbA==</latexit>

[23]2

[12]
<latexit sha1_base64="Jvukdemnqnn2ICOaksy840cMDtM=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiRpbXRXdOOygn1AGstkOmmHTh7MTIQQ4q+4caGIWz/EnX/j9CGo6IELh3Pu5d57/IRRIU3zQyutrK6tb5Q3K1vbO7t7+v5BV8Qpx6SDYxbzvo8EYTQiHUklI/2EExT6jPT86eXM790RLmgc3cgsIV6IxhENKEZSSUO9Ogg4wrlr171bu8hdy/aKoV4zDdOxm00LmkbDcurntiJOw2yeOtAyzDlqYIn2UH8fjGKchiSSmCEhXMtMpJcjLilmpKgMUkEShKdoTFxFIxQS4eXz4wt4rJQRDGKuKpJwrn6fyFEoRBb6qjNEciJ+ezPxL89NZXDm5TRKUkkivFgUpAzKGM6SgCPKCZYsUwRhTtWtEE+QSkOqvCoqhK9P4f+kaxtW3bCvG7XWxTKOMjgER+AEWMABLXAF2qADMMjAA3gCz9q99qi9aK+L1pK2nKmCH9DePgETj5Rq</latexit>

�� 0
<latexit sha1_base64="LyfjXZM6J8vjCB06UK+nq/xdCdY=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK46ZCZ1o7uim5cVrQPaIeSSTNtaCYzJBmhDP0ENy4UcesXufNvTB+Cih64cDjnXu69J0g4UxqhDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxlczv31PpWKxuNOThPoRHgoWMoK1kW7LZdQvlpCNPLdWcyCyq45XuXAN8aqoduZBx0ZzlMASjX7xvTeISRpRoQnHSnUdlGg/w1Izwum00EsVTTAZ4yHtGipwRJWfzU+dwhOjDGAYS1NCw7n6fSLDkVKTKDCdEdYj9dubiX953VSH537GRJJqKshiUZhyqGM4+xsOmKRE84khmEhmboVkhCUm2qRTMCF8fQr/Jy3Xdiq2e1Mt1S+XceTBETgGp8ABHqiDa9AATUDAEDyAJ/BscevRerFeF605azlzCH7AevsEvFSNcw==</latexit>

h12i
<latexit sha1_base64="/wrFZq9/YOvaDqCzjrRJti523aI=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiRpbXRXdOOygrWFJpTJdNIOnUzCzEQIof6KGxeKuPVD3Pk3Th+Cih64cDjnXu69J0wZlcq2P4zSyura+kZ5s7K1vbO7Z+4f3MokE5h0cMIS0QuRJIxy0lFUMdJLBUFxyEg3nFzO/O4dEZIm/EblKQliNOI0ohgpLQ3Mqs8QHzECHRf6YkEHZs22bM9tNh1oWw3Hq5+7mngNu3nqQcey56iBJdoD890fJjiLCVeYISn7jp2qoEBCUczItOJnkqQIT9CI9DXlKCYyKObHT+GxVoYwSoQuruBc/T5RoFjKPA51Z4zUWP72ZuJfXj9T0VlQUJ5minC8WBRlDKoEzpKAQyoIVizXBGFB9a0Qj5FAWOm8KjqEr0/h/+TWtZy65V43aq2LZRxlcAiOwAlwgAda4Aq0QQdgkIMH8ASejXvj0XgxXhetJWM5UwU/YLx9AqJhlCE=</latexit>

[12]
<latexit sha1_base64="Cadds6b26kGuoF2rKiev/ZOGS6Q=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQpLWRndFNy4r2AekoUymk3bozCTMTIQS+gtuXCji1h9y5984aSuo6IELh3Pu5d57opRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHHZVkEpM2TlgiexFShFFB2ppqRnqpJIhHjHSjyXXhd++JVDQRd3qakpCjkaAxxUgXUuB64aBSdWzH9xoNFzp23fVrl54hft1pnPvQtZ05qmCJ1qDy3h8mOONEaMyQUoHrpDrMkdQUMzIr9zNFUoQnaEQCQwXiRIX5/NYZPDXKEMaJNCU0nKvfJ3LElZryyHRypMfqt1eIf3lBpuOLMKcizTQReLEozhjUCSweh0MqCdZsagjCkppbIR4jibA28ZRNCF+fwv9Jx7Pdmu3d1qvNq2UcJXAMTsAZcIEPmuAGtEAbYDAGD+AJPFvcerRerNdF64q1nDkCP2C9fQK+LY4O</latexit>

++ 0
<latexit sha1_base64="rojQ4zp6KZKTWetyS8fTNGmPIVA=">AAAB6nicdVDLSgMxFM3UV62vqks3wSIIhSEzrR3dFd24rGgf0A4lk2ba0ExmSDJCGfoJblwo4tYvcuffmD4EFT1w4XDOvdx7T5BwpjRCH1ZuZXVtfSO/Wdja3tndK+4ftFScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK9mfvueSsVicacnCfUjPBQsZARrI92Wy6hfLCEbeW6t5kBkVx2vcuEa4lVR7cyDjo3mKIElGv3ie28QkzSiQhOOleo6KNF+hqVmhNNpoZcqmmAyxkPaNVTgiCo/m586hSdGGcAwlqaEhnP1+0SGI6UmUWA6I6xH6rc3E//yuqkOz/2MiSTVVJDFojDlUMdw9jccMEmJ5hNDMJHM3ArJCEtMtEmnYEL4+hT+T1qu7VRs96Zaql8u48iDI3AMToEDPFAH16ABmoCAIXgAT+DZ4taj9WK9Llpz1nLmEPyA9fYJtj6Nbw==</latexit>

h23i2

h12i
<latexit sha1_base64="EC5yPr5UeZTUZX/oMg1gfspeJtA="></latexit>

+�+
<latexit sha1_base64="97wU58v4bJQ0di9hcQGj7/dLHKE=">AAAB6nicdVDLSgMxFM34rPVVdekmWAShOGSmtaO7ohuXFe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwb04egogcuHM65l3vvCRLOlEbow1paXlldW89t5De3tnd2C3v7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fo6up37qnUrFY3OlxQv0IDwQLGcHaSLel01KvUEQ28txq1YHIrjhe+cI1xKug6pkHHRvNUAQL1HuF924/JmlEhSYcK9VxUKL9DEvNCKeTfDdVNMFkhAe0Y6jAEVV+Njt1Ao+N0odhLE0JDWfq94kMR0qNo8B0RlgP1W9vKv7ldVIdnvsZE0mqqSDzRWHKoY7h9G/YZ5ISzceGYCKZuRWSIZaYaJNO3oTw9Sn8nzRd2ynb7k2lWLtcxJEDh+AInAAHeKAGrkEdNAABA/AAnsCzxa1H68V6nbcuWYuZA/AD1tsnsbSNbA==</latexit>helicity

2 non-renormalizable 
dipole 

−mZhigh energy

[13]2

[12]
<latexit sha1_base64="7Nqo0DDHl/ilK2KchmOngZpuwuM=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiRpbXRXdOOygn1AGstkOmmHTh7MTIQQ4q+4caGIWz/EnX/j9CGo6IHLPZxzL3Pn+AmjQprmh1ZaWV1b3yhvVra2d3b39P2DrohTjkkHxyzmfR8JwmhEOpJKRvoJJyj0Gen508uZ37sjXNA4upFZQrwQjSMaUIykkoZ6dRBwhHPXqnu3dqG67RVDvWYapmM3mxY0jYbl1M9tRZyG2Tx1oGWYc9TAEu2h/j4YxTgNSSQxQ0K4lplIL0dcUsxIURmkgiQIT9GYuIpGKCTCy+fHF/BYKSMYxFxVJOFc/b6Ro1CILPTVZIjkRPz2ZuJfnpvK4MzLaZSkkkR48VCQMihjOEsCjignWLJMEYQ5VbdCPEEqDanyqqgQvn4K/ydd27Dqhn3dqLUulnGUwSE4AifAAg5ogSvQBh2AQQYewBN41u61R+1Fe12MlrTlThX8gPb2CRIAlGk=</latexit>

−mZmZ mZ
mψ

2
mψ

2
−

mψ

2

+��
<latexit sha1_base64="SHqEnPSKnxo6B/NijMtUg8g1qK8=">AAAB6nicdVDLSgMxFM3UV62vqks3wSII0iEzrR3dFd24rGhtoR1KJs20oZnMkGSEMvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzc0vLK6lp+vbCxubW9U9zdu1NxKgltkpjHsh1gRTkTtKmZ5rSdSIqjgNNWMLqc+q17KhWLxa0eJ9SP8ECwkBGsjXRzUi73iiVkI8+t1RyI7KrjVc5dQ7wqqp160LHRDCWwQKNXfO/2Y5JGVGjCsVIdByXaz7DUjHA6KXRTRRNMRnhAO4YKHFHlZ7NTJ/DIKH0YxtKU0HCmfp/IcKTUOApMZ4T1UP32puJfXifV4ZmfMZGkmgoyXxSmHOoYTv+GfSYp0XxsCCaSmVshGWKJiTbpFEwIX5/C/8mdazsV272uluoXizjy4AAcgmPgAA/UwRVogCYgYAAewBN4trj1aL1Yr/PWnLWY2Qc/YL19ArS8jW4=</latexit>

We can obtain 8 (=6+2) high-energy amplitudes from 4 independent coefficients 

Conversely, the bold form is called “IR unification” [Arkani-Hamed, Huang, Huang ‘17]

6 renormalizable amplitudes

IR

UV
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Three-point:  (3/3)ψcψZ
Focus on the longitudinal mode

We observed a relative sign, which corresponds to “pseudo-scalar coupling ”γ5

(consistent with NG boson equivalence theorem)
For ,  must tend to vanish when  : fermion mass has the same origin as Z 

For  (vector fermion case), the longitudinal component vanishes, and one can take 

 with finite 

cLR0 ≠ cRL0 mψ mZ → 0

cLR0 = cRL0

mZ → 0 mψ

(reproduce an expectation from spontaneous electroweak symmetry breaking )



Teppei Kitahara: Nagoya University, RIKEN seminar, December 3, 2020, online talk
Electroweak effec@ve field theory from massive scaEering amplitudes

/ 3425

Three-point:  (1/4)W+W−Z
Result (LGs + locality): 11 spinor structures  

Furthermore, we observe a non-trivial massive spinor identity 

Angular momentum conservation: 

7 form factors for general  coupling [Hagiwara, Peccei, Zepenfeld, Hikasa ’86] WWZ

m1h12ih13i[23] +m2h12i[13]h23i+m3[12]h13ih23i = m1[12][13]h23i+m2[12]h13i[23] +m3h12i[13][23]
<latexit sha1_base64="Y0P7och9bbWCHVrMW6U1FFwjbNs="></latexit>

[Arkani-Hamed, Huang, Huang ‘17]

Schouten identity, and momentum conservation 8 spinor structures

p1 + p2 + p3 = 0|iihjki+ |jihkii+ |kihiji = 0
<latexit sha1_base64="0jfO2UA3rxUKXqxJkipz0aMBoQU="></latexit>

7 spinor structures (final)

[Durieux, TK, Shadmi, Weiss ’19, + Machado ’20]

3⌦ 3⌦ 3 = 1� 3� 3� 3� 5� 5� 7
<latexit sha1_base64="dVR2OGaMGzy49eWoc8svn2zU/pU="></latexit>

7 combinations is expected

 # of irreps of sum of three spins = # of independent spinors in three-pt amplitudes
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Three-point:  (2/4)W+W−Z
+ perturbative unitarity　　　　　　　　　　　　　                                                               

 dependence of 7 spin structures is fully determined Λ̄

[Durieux, TK, Shadmi, Weiss ‘19]

non-trivial single renormalizable structure

cWWZ : dimensionless

+ −

 symmetric: 1 ↔ 2 C

 limit provides  with 5 spin structures　　　　　　　　　　mZ → 0 M3(1W+, 2W−,3±
γ )

3⌦ 3⌦ 2 = 2� 2� 4� 4� 6
<latexit sha1_base64="TFFdNNp4bKoe2U1mbzVFO345OyY=">AAACJHicdZDLSsNAFIYn9VbrLerSzWARXIUkjYkiQtGNywr2Am0ok+mkHTq5MDMRSunDuPFV3Ljwggs3PovTG95/GPj4zznMOX+QMiqkab5puYXFpeWV/GphbX1jc0vf3qmJJOOYVHHCEt4IkCCMxqQqqWSkkXKCooCRetC/GNfrN4QLmsTXcpASP0LdmIYUI6mstn5agq1E0ogI+En2ma04ZZnCOTi/wG3rRdMwPdt1LWgajuWVTmwFnmO6Rx60DHOiIpip0tafW50EZxGJJWZIiKZlptIfIi4pZmRUaGWCpAj3UZc0FcZILeMPJ0eO4IFyOjBMuHqxhBP368QQRUIMokB1Rkj2xM/a2Pyr1sxkeOwPaZxmksR4+lGYMSgTOE4MdignWLKBAoQ5VbtC3EMcYalyLagQ5pfC/6FmG1bJsK+cYvl8Fkce7IF9cAgs4IEyuAQVUAUY3IJ78AietDvtQXvRXqetOW02swu+SXv/ACrporc=</latexit>consistent with angular momentum analysis:
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Three-point:  (3/4)W+W−Z
Furthermore, we match the massive scattering amplitudes onto the SMEFT in the broken 

phase.

C

Warsaw basis (dimension-six SMEFT)  
[Grzadkowski, Iskrzynski, Misiak, Rosiek '10]

Warsaw basis in the broken phase 
[Dedes, Materkowska, Paraskevas, Rosiek, Suxho ’17]

compare our massive 
amplitudes to the SMEFT

result of 7 coefficients 

… … … …
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Three-point:  (4/4)W+W−Z
One example

dimension-six operator: 

Feynman rule for this operator 
CW

⇤2
<latexit sha1_base64="fDLNlEFN/RR0cZR1yVY4X+iMn0U=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsxUQZfFbly4qGAf0BmHTJppQzOZIckIJQxu/BU3LhRx61e4829M21lo64HA4Zx7uLknTBmVynG+raXlldW19dJGeXNre2fX3ttvyyQTmLRwwhLRDZEkjHLSUlQx0k0FQXHISCccNSZ+54EISRN+p8Yp8WM04DSiGCkjBfahFwmEdSPQnTzX3o1J9tG9ruV5YFecqjMFXCRuQSqgQDOwv7x+grOYcIUZkrLnOqnyNRKKYkbyspdJkiI8QgPSM5SjmEhfT0/I4YlR+jBKhHlcwan6O6FRLOU4Ds1kjNRQznsT8T+vl6no0teUp5kiHM8WRRmDKoGTPmCfCoIVGxuCsKDmrxAPkelEmdbKpgR3/uRF0q5V3bNq7fa8Ur8q6iiBI3AMToELLkAdXIMmaAEMHsEzeAVv1pP1Yr1bH7PRJavIHIA/sD5/AL/Kl6c=</latexit>

massive-spinor formalism

@Wikipedia 

� 3
p
2

ḡp
ḡ2 + ḡ02

CW

⇤2

⇥ ([12][13][23] + h12ih13ih23i)
<latexit sha1_base64="OhyYfghbHYXAUEcN9O+81BvU++U="></latexit>
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All EW three-points are bootstrapped and mapped
[Durieux, TK, Shadmi, Weiss ‘19]

(example 1)

(example 3)

LGs 
+

Unitarity 
+

Locality 
+ 

U(1)EM

broken  
phase
v 6= 0

<latexit sha1_base64="GzDn8egq/MW8S0dyJgqrv4ywGWs=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLT2tFd0Y3LCvYB7VAyaaYNzWSmSaZQhv6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHTRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fo5u535pQqVgs7vU0oX6EB4KFjGBtpPYEdgUdQ9QrlpCNPLdadSCyK45XvnIN8SqoeuFBx0YLlMAK9V7xvduPSRpRoQnHSnUclGg/w1Izwums0E0VTTAZ4QHtGCpwRJWfLe6dwTOj9GEYS1NCw4X6fSLDkVLTKDCdEdZD9dubi395nVSHl37GRJJqKshyUZhyqGM4fx72maRE86khmEhmboVkiCUm2kRUMCF8fQr/J03Xdsq2e1cp1a5XceTBCTgF58ABHqiBW1AHDUAABw/gCTxbY+vRerFel605azVzDH7AevsEgESPoQ==</latexit>

canonically 
normalized

Warsaw basis [Dedes, Materkowska, 
Paraskevas, Rosiek, Suxho ’17]map

our work our work

bootstrap 

They are important building blocks for the 
SMEFT computations with on-shell techniques 

(example 2)
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Four-point:  (1/3) ψcψZh
“factorizable” contribution “non-factorizable” contribution 

(contact term) 

= +

LG analysis for thee-point amplitudes

gluing 

LG analysis for four-point amplitudes
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Four-point:  (2/3) ψcψZh
“factorizable” contribution “non-factorizable” contribution 

(contact term) 

= +

+ perturbative unitarity requires 　　　　　　　　　　　　　                                                               [Durieux, TK, Shadmi, Weiss ‘19]

( − − 0 0) :

( + + 0 0) :

= 0 +O(m/⇤̄)
<latexit sha1_base64="R40Yoer3XgSsJuzXbSaarMo7SXo=">AAACCnicbVDLSgMxFM34rPVVdekmWoSKUGeqoBuh6MaFYAX7gE4pd9K0DU1mhiQjlGHWbvwVNy4UcesXuPNvTNtZaOuBwOGce2/uPV7ImdK2/W3NzS8sLi1nVrKra+sbm7mt7ZoKIklolQQ8kA0PFOXMp1XNNKeNUFIQHqd1b3A18usPVCoW+Pd6GNKWgJ7PuoyANlI7t3dhH7kCdJ8Aj2+TgsDH2PVAxu6NGdKB5LCdy9tFeww8S5yU5FGKSjv35XYCEgnqa8JBqaZjh7oVg9SMcJpk3UjREMgAerRpqA+CqlY8PiXBB0bp4G4gzfM1Hqu/O2IQSg2FZypHW6tpbyT+5zUj3T1vxcwPI019MvmoG3GsAzzKBXeYpETzoSFAJDO7YtIHCUSb9LImBGf65FlSKxWdk2Lp7jRfvkzjyKBdtI8KyEFnqIyuUQVVEUGP6Bm9ojfryXqx3q2PSemclfbsoD+wPn8ASMOZYQ==</latexit>

= 0 +O(m/⇤̄)
<latexit sha1_base64="R40Yoer3XgSsJuzXbSaarMo7SXo=">AAACCnicbVDLSgMxFM34rPVVdekmWoSKUGeqoBuh6MaFYAX7gE4pd9K0DU1mhiQjlGHWbvwVNy4UcesXuPNvTNtZaOuBwOGce2/uPV7ImdK2/W3NzS8sLi1nVrKra+sbm7mt7ZoKIklolQQ8kA0PFOXMp1XNNKeNUFIQHqd1b3A18usPVCoW+Pd6GNKWgJ7PuoyANlI7t3dhH7kCdJ8Aj2+TgsDH2PVAxu6NGdKB5LCdy9tFeww8S5yU5FGKSjv35XYCEgnqa8JBqaZjh7oVg9SMcJpk3UjREMgAerRpqA+CqlY8PiXBB0bp4G4gzfM1Hqu/O2IQSg2FZypHW6tpbyT+5zUj3T1vxcwPI019MvmoG3GsAzzKBXeYpETzoSFAJDO7YtIHCUSb9LImBGf65FlSKxWdk2Lp7jRfvkzjyKBdtI8KyEFnqIyuUQVVEUGP6Bm9ojfryXqx3q2PSemclfbsoD+wPn8ASMOZYQ==</latexit>

either vector-like fermion:  
or Higgs mechanism: 

cRL0
ψ cψZ = cLR0

ψ cψZ

cRR
ψ cψh = c00

ZZhmψ /2mZ = cLL
ψ cψh

up to 𝒪(m/Λ̄) consistent with study for  amplitude [Maltoni, Mantani, Mimasu ’19]tt̄Zh

[Gunion, Haber, Wodka ’91; 
Grinstein, Murphy, Pirtskhalava, 
Uttayarat ’14; Nagai, Tanahashi, 
Tsumura ’15]

“Unitarity sum rules” 
would be reproduced
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Four-point:  (3/3) ψcψZh
“factorizable” contribution “non-factorizable” contribution 

(contact term) 

= +

Result (LGs + locality etc.): 14 spinor structures 

Furthermore, we observe a non-trivial massive spinor identity [Durieux, TK, Shadmi, Weiss ’19,+ Machado ’20]

12 spinor structures (final)
all terms are non-renormalizable

soft Higgs limit
ph → 0; p1 + p2 + p3 → 0

4 spinor structures
reproduce  resultψcψZ
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Outlook

Map EW four-point amplitudes onto the SMEFT 

Renormalization group evolution, running coupling in massive scattering amplitudes? 

An application: infrared photon/gluon corrections? 

? anomalous triangle diagram? 

New direction? Monopole scattering amplitudes

γ5

[Soft Matters, or the Recursions with Massive Spinors, Falkowski, Machado '20]

[Scattering Amplitudes for Monopoles: Pairwise Little Group and Pairwise Helicity, 
Csaki, Hong, Shirman, Telem, Terning, Waterbury ‘20]
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Conclusions 

The powerful scattering amplitude approach can avoid gauge redundancy and operator 

redundancy 

We clarified a few details in the massive-spinor formalism, and bootstrapped all the EW 

three-point amplitudes, as well as the four-point amplitudes 

We mapped all EW three-point amplitudes onto the SMEFT 

We observed the emergence of the EW relations from the perturbative unitarity 

We paved the way for the SMEFT computations in the on-shell formalism
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